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Dynamic Analysis and Design of Uncertain Systems Against
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In this paper, a method to obtain the sensitivity of eigenvalues and the random responses of
the structure with uncertain parameters is proposed. The concept of the proposed method is that
the perturbed equation of ecach uncertuin substructure is obtained using the finite element
method, and the perturbed equation: of the overall structure is obtained using the mode synthesis
method. By this way, the reduced order perturbed equation of the uncertain system can be
obtained. And the response of the uncertain system is obtained using probability method. As a
numerical example, a simple piping system is considered as an example structure. The damping
and spring constants of the support are considered as the uncertain parameters. Then the
variations of the eigenvalues, the correlation function and the power spectral density function
of the responses are calculated. As a result, the proposed method is considered to be useful
technique to analyze the sensitivitics of eigenvalues and random response against random
cxcitation in terms of the accuracy and the calculation time.
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1. Introduction of frequencies that may result in a severe vibra-

tion in the aircraft or missile structure. In that

Studies of random vibration of mechanical mechanical component of the structural system,
the physical parameters and characteristics of

structures {mass, stiffness and damping coeffi-

structures, which consist of industrial occu-
pancies, such as the power plant, chemical plant
and the bridge, etc. are very important from the  Cients) have deviations in the design process,
view point of disaster protection against random  Mmanufacturing process or other reasons. Accord-
excitation. Also, recent developments in jet and  178ly, an accurate approach is needed to analyze
rocket propulsion have give rise to new problems  the vibration response and the eigenvalue of the
in mechanical and structural vibrations. The  Structure system against random excitation by
pressure fields generated by these devices fluctuate ~ considering their uncertainty (Bellman, R., 1964).

in a random manner and contain a wide spectrum  F rom the viewpoint of the dynamic response of
structures against random e¢xcitation, there are
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University, Kumjung-ku, Pusan 609-735. Korea. deterministic systems under a random excitation
(Manuscript Received July 24, 2001; Revised June 25, with structural systems to obtain the system

2002) responses. On the other hand, from the viewpoint
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of the dynamic response of structures with uncer-
tain paramcters, there are many investigations
(Shigeru, et al., 1985 ; Bharucha, et al., 1968 ; Lin,
et al., 1980;.

However, there are few studies that consider
both structural uncertainty and random excita-
tion. In the analysis of complex large DOF
degree of freedom} structure system, dynamic
computation of the system requires large order sets
of equations of motion and it takes much calcula-
ting time. Therefore, SSM (substructure synthesis
method; has been studied in the vibration analy-
sis (Moon, et al., 1999 ; Moon, et al., 2001}, They
proposed an efficient analytical method of the
vibration against excitation by applying the S5M
and PM{perturbation method;. To this end, the
system is divided into some components and those
are formulated according to FEM (finite element
method) . The perturbed equations arc synthesized
to the overall system and the sensitivity of
eigenvalue and the random response for the over-
all system are analyzed.

In order to illustrate the accuracy and com-
putation efficiency of the proposed method, a
structural system with uncertainty under random
excitation as a calculation example is analyzed
and evaluated in accordance with the economical
computation.

2. Method of Analysis

In this chapter, an analytical method to obtain
the sensitivity of eigenvalues and the random res-
ponses of the structure with uncertain parame-
ters is introduced by applying probabilistic FEM.

2.1 Modeling of complex uncertain system

In this paper, a structural system with large
DOF is considered, as shown in Fig. 1. For the
dynamic analysis of complex systems, the SSM
can be applied. The overall system can be divided
into some components. Then, the equation of
motion of each components with uncertain
parameter can be obtained using FEM (Nakagiri,
et al., 1985).
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where { ¢ } is a relative displacement vector from
an absolute coordinate, which is fixed in base-
ment. { f} is an random external force vector.
TM], [C] and (K are the mass, damping and
stiffness matrixes, which include the uncertain
parameters @; (7=1,"--. Ny . They can be expanded
about a design value(expected value} in terms of
a series of the small parameter &£ where the
uncertain parameter is estimated 4s a small value.
Accordingly, the dynamic characteristics of the

system can be expressed as

=+ B e+ L3 8 e

(C)=(c™ =R e ol zge,.-,s,,{cw"j+--- 2

=k o LR B o

where & 1s a small variant of the uncertain
parameter @;. In this study, the expected value 2,
and standard deviation ¢, of the uncertain
parameter ; are regarded to be known. And it is
regarded that there is no correlation among these
uncertain parameters. When the system is excited.
such as seismic force in the vertical direction at
the supported point, the force term can be

expressed us
{f1=—M®NIlgit,;={m}glt) (3}

where g{¢) is the acceleration of the seismic
wave. {7} is a unit vector which shows the
direction of excitation. { { } is used to derive the
participation vector of excitation.

22 Equations of motion for uncertain sub-
structure

Each substructure’s equation is formulated se-
quentially by using the PM to the first order
according to the SSM procedures, which 15
divided into three substructures, as shown in
Fig. 1.
Here, a, ¢ and e are the internal region. b and
d are the assembling region. The equation of
motion for substructure 1 can be expressed as

Mg+ IGHal+ K al={A} &

[Cii and {Ki] ure the mass,
damping snd stiffness matrix of substructure I,

where M,
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Substructure ! Substructure 2 Substructure 3
a : Internal region of substruciure |

¢ : Internal region of substructure 2

e : Internal region of substructure 3

b, d : Assembling region

Fig. 1 Substructuring of the system
respectively. They can be perturbed in accordance
with uncertain parameter a,(i=1, -, Na) as a

small value

—MM Mas, (0) & T agd
=g e | =M1+ E e a407)
- TKaa Koyl . . ¥
LCI]::GLKJ K;le LCSO)J+§EJ[CP] o
(s)
N,
)= Ko Kol g 4 8 e k)
L ba bb-

(ar={%). (s1={ 5}

where { F2 }, { Fi } are the external force of the
region a, b, respectively. The damping term is
considered to be proportional to (damping co-
efficient @) the stiffness term, which is used for
structural dynamics in general. The substructures
are synthesized using the modes [ @'}, which are
obtained by constraining the assembling region.
The displacement { g } of internal region a can
be expressed us

{ga}={al"}+{q) (6)
where {ga"}=[@]{ &'}, {4 }=[T2i{q}}

{£'} is a modal participation vector of sub-
structure 1. { gi°) is a static elastic deformation
caused by { gb}. The sensitivities of cigenvalue
arc defined as

/h=/ii°’+)!g_z &AP (7

{ T3] is obtained by applying Guyan's method
to the equation of substructure 1. And [T} ]=

T+ 3 [T, (T3 =— K] (K],

To apply the SSM, the coordinate transformation

is carried out
a) O T} 1, _oal )
(S BUS=mn{s) w

where [Es,] is unit matrix. By using this trans-
formation equation, the equation of substructure
1 can be expressed

(MU EIHICH G+ IR I=(A)

— 7
(=T M3 T ) =] e Mo ]

bda &b
BRI SR E Fn]— Nna O'I
[C=T]7C.)IT}] a[ Cx
7 ; A0
LK1]=[T5]’LK1][T§]=0[O 7]

s ] & }
{ 1 } {q}, .
(A'] is composed of eigenvalues. The equation of
substructure 2 is obtained by similar procedure
with substructure | applying the FEM and modal
analysis. By using the modal matrix and the trans-

(Fi=imi =2

formation equation, the equation of substructure
2 can be obtained as

(Moi{ &)+ +[GiH{ &) +K{ &)= {F2)
ML ML ML
IM=[T27 M) TE]=| M% EL ML
ML ML ML
K, 0 K&
[(GI=[T317[C)[ Ti]=a] 0 A* O
K% 0 K| (10
K% 0 KL
K= TEIT[K) TE]=| 0 A2 o
K& 0 Ki
gl Jﬂ
(Gl=1{ &1 AR =118 £)= :le
¢3 | FE )

where [M.], ' C;], [Ki) are the mass, damping
and stiffness matrix of substructure 2, respectively.
{ @2}, {44} are the displacement of assembling
and the internal region of substructure 2. { F§ },
{F3}, { F?} are the internal forces. The dis-
placement { ¢2 } of internal region c is obtained as

2
(a}=i0(&)+(12 T8} 5}
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where [@?*] is modal matrix, which is obtained
from the eigenvalue problem of ([ K% ] —AFIME& )
{@2}={0} {r=1, 2, -, mc). Static modes
[T2 T2, are obtained by applying Guyan's
method to the equation of substructure 2, such as

[(T¢ T3]=—[K&]"'[K& Kl

The coordinate transformation is carried out as

qi"[ E., 0 O ['a%[ q%}
q§[= T 0* TH{< & =_T31{ & (12)
Q% | 0 OEn,lqEJ {qﬁ[

Then, { ¢?} is transfotmed into modal coordina-
tes. By the similar way, the equation of substruc-
ture 3 obtained in modal coordinates as

N )+ (T &)+ R 6)=(F) (19)

Thercfore, all of the equations for substructures
are obtained in modal coordinates.

2.3 Mode synthesis of uncertain structure
and sensitivity analysis

The overall structure is modeled three com-
ponents and those equations of motion were
obtained and transformed into modal coordinate.
Then. those equations can be synthesized togeth-
er. When assembling region is rigid, according to
the condition for the compatibility of assembling,
following conditions have to be satisfied.

{ae)={ad}={g"} {qu}={dd}={q2} (14)
{Fi}+{FE)={0}, {Fi}+{ Fi}=(0}

By superposing each modal equation of
substructure, and applying above conditions, the
perturbed equation for the overall structure can

be obtained

Mi+Ci+Rq=F

ERa m 0 0 0

M W, ¥ Mo

o W By iy 0

0 M W Mau M

0 0 0 md E)u
Mbbeéa +M§b‘ AT“_—ME+M3¢

M:

Ew Kb 0 0 0
K Koo Kic K& 0O
C=a| 0 K& En K& 0
0 K& Ki Ku K3

0 0 0 K En
Ena _,EZ 0 0 0
~ HKM}K?&? 0
K=| 0 E‘;E,.cg 0
0 EA—EC_KME:
0 0 0 K En
K=Kl + Kb
Kaa=1C0+ K3
& Fr
g | | RVFRA+ITI)F
q= 52[,F= F (15)
Q4 TR ([ TE)TFE
&) 7

By this way, the reduced order of perturbed
cquation can be obtained using only low modes
without the analysis of the original overall
structures.

Then, the sensitivity of eigenvalue and the ran-
dom response for the overall system can be
obtained, which is subjected to change into origi-
nal coordinates. When the truncated perturbation
equation of structure arc obtained, it can be
perturbed in accardance with uncertain parameter
a.. Accordingly, general sensitivity analysis of
eigenvalue can be applied as

N,
Al-=/1§°>+?i’; eAP (16)

2.6 Random response analysis using proba-
bilistic method
The response { g(#)} of Eq. {1) can be ex-
pressed approximately as

. L7 L .
{q}={q‘°’(t)}+_2“[ ed g (1))} (17)
I

By substituting this equation into Eq. (l). the
equation can be arranged again as

MO O I KO ¢V )

=78} 1
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(MO G20} CO g1+ K] {7 ()
== MU )= (OO g -[KO g} (19)
_{f())__’ :} ._ : -Ava,

From Eq. {18) impulse tesponse function matrix
TH®(#)] can be obtained. Accordingly, using
impulse response function, the cxpected value
{ g {#}} of the response and the first order sen-

sitivity { g ()} can be obtained as

(a® W)= [ THO(t—0) 11 £ (0)}dr
(20)

(e2)= [ THO U =0} 9 (0)}de

There is a relation between the impulse re-
sponse function matrix [H®@(¢#)], which is
obtained from truncated perturbation equation of
overall system, and [H'®{¢t)" as

[H(]=[TPVAY DT 1
Thereby, the expected value of the response and
the first order sensitivity can be rewritten as

(0®i=0T0 [ Thott—0)g o) dr

. (22}
={T0] [ AV [T O e
where { B9 (2) }=—[HO (£} [ TP (MO 1)

Hereby, correlation function of the response
[Rx(#. &)] obtained as

{1}

Substructure 1

Substructure 2

(Rt )]={q (IL)W;W
={ ¢ () H Q(O)(l‘z)}T (23)

& N PN N
+3} A gP W H g (Y
Here, right side term of the Eq. {28) is defined as

{¢" i (B}
= ZTgo)]lhtlgh{ hoy (b= H o {8 — 1} ) R
{n, n)dadn T3}
{a" (i H gP )
=10 [ [ [T 20 25
(£ T TOHAY (b)) dnda{ T%)7
where Kgit, &) is an autocorrelation function
of g(#). PSD{Power spectrum density} of the
respons¢ can be obtained by transforming the

[Rx{#. £)] into frequency domain with the PSD
function of g{¢).

3. Numerical Examples

3.1 Model for analysis

A structure system, which is found easily in
mechanical structure as shown in Fig. 2, is con-
sidered to verify the proposed method.

The model of the system is constrained at both

Substructure 3

K1 cl

T

K c2

I T T T TR T T 77777 7777777

Fig. 2 Modc] of the system
Uncertain parameters : o, ¢z ; &1, ko)
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ends. Support of the system is modeled as bearing
with spring and damping. To apply the SSM, the
pipe system is divided into 3 components. Those
components arc assembled together in rigid as

Table 1 Properties of the system

7.50 [m_
7.7x10° [kg/m®]
206.0 % 10° [N/m?)

1.0 [m]

0.9 [m]

Length of element
Material Density
Young's Modulus i
Quter Diameter |
Inner Diameter
Spring Coefficient
ki, ke (ko
Damping Coefficient
c 0 (Cuo)
Spring Coefficient
of Beam k,
Damping Cocfficient
of Beam ¢,

10X 107 [N/m]

5.4X10* TN-sec/m’

1.3X10° [N/m]

6.7% 10 [N-sec/m]

Table 2 Eigenvalue of the deterministic system
{{ is damping ratio)

mode ! A i wiradfs; £
1 10415232 | 232, 0045
2 —1.61+538.3 38.3 | 0.042
3 ~1.00~7 59.2 592 . 0017
4 —328+;998 . 999 0.033
5 —699+] 1490 | 1490 0.047

Re(X;)

<>

B il 1
0 k.o/fo 10 ku/h 20

{a) Real part of eigenvalue Re (A}

sembling region. FEM model discretizes the dis-
tributed mass and stiffness properties of each sub-
structurc. Then, using the local dynamic charac-
teristics obtained for each substructure element,
the overall system dynamic characteristics are
obtained. By considering external force and the
constraints of the system, the equations of
motion of the overall system can be derived. Total
degrees of freedom of averall system is 16. In
this analysis, the damping of the system is
assumed as the proportional damping of stiffness
as .Cp. =alKs), K] is stiffness matrix of the
pipe system. The coefficient @{=0.0005) is
decided with the first mode of the system to
become 0.05. The damping coefficient ¢; (=1, 2),
and spring coefficient £;{i=1, 2) of the supports
are subjected to have uncertainty. The properties
of the system are tabulated in Table 1.

First, the eigenvalue is obtained by reguarding
the system as deterministic system. Modal damp-
ing ratio is obtained as shown in Table 2 using

Li=—ReAd /wn, wi=VRe( AT +Im(A)2

3.2 Sensitivity analysis of uncertain system
For the analysis, spring cocfficient ks, and
damping coefficient cg of support are changed as
an uncertain parameter. The effect of those vari-
ance coefficients on the eigenvalue of overall

-
A 0

0 barh 1 bk, 20

{b) Imaginary part of eigenvalue Im{A;;

Fig. 3 Variution of first natural frequency of the system (&, is changed)
(Uk:v"kl_: thv’%zo-}s dc'z#?‘z.:dnzi%.::o-(), k= fo=ky, —Cl=62__—cl>
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system is reviewed. Base of spring cocfficient,
damping coefficient of the support are regarded
as equivalent spring coefficient kp, damping
coefficient ¢p, which are obtained from the first
eigenvalue of the system. Then, the variation of
the first eigenvalue is reviewed when the spring
coefficient, damping coefficient of support are
changed. ks, ks are the stiffness of support and
beam, which come from the modeling of pipe
system. When k, is fixed, &, is varied to observe
the cffect of changes in eigenvalue of overall
system, which means the effect of uncertainty. The
same things can be applied to the damping term.
Figure 3 shows variation of the eigenvalue, when
the spring coefficient &, of support is changed by
fixing the damping coefficient cx. Figure 4 shows
variation of the eigenvalue, when the damping
coefficient ¢, of support is changed by fixing the
spring coefficient &g. Figure 4 {a) and {b) show
real part and imaginary part of eigenvalue varia-
tion. respectively. It can be concluded from the
Fig. 3, Fig. 4 that the coefTicients of cigenvalue
variations are relatively small.

To show the accuracy and effectiveness of pro-
posed analysis, five different analysis type cases
are considered

Case 1; deterministic system,

Case 2; indeterministic, Hierarchy method,

100

‘a) Real part of eigenvalue Ra{A)

&4

1235

Case 3; indeterministic, perturbation method,

Case 4; indeterministic, proposed method, ado-
pting 1 ~4 modes,

Case 5; indeterministic, proposed method, ado-
pting 1 ~2 modes.

Sensitivity analysis of eigenvalue is carried
out when the spring coefficient, damping coefhi-
cient of support at substucture | are uncertain as
(OarvC1 = 0avRI =0.3, dc2v/C2 = Oazv' ke =0.0).

Table 3 shows the result of variation of low
eigenvalues in the case of 3~35. The result of
Monte Carlo simulation {1000 iteration) is also

Table 3 Cocfficicnt of eigenvalue variation
(a‘ Varmtlon of 1st elgenvalue

Method 1aRe(A; o‘Rg(Al"Rg(m aI.(A, Ol e AT
Monte Carlo] 0.1580 | 0.1506 1380 | 00599
Case 3 ! 0.1521 0.1458 1304 | 00561
Cased 0152 01458 1304 . 00561
Casc5 0050 00457 §1302] o00%l
{b) Variation of 2nd eigenvalue
Method oReld'| aReik VReld | olu(i ViolwadTn'A;
Monte Carlo] 02082 | 0.1295 o3| 000
Case 3 | 02084 0.1293 ‘ 1084 | 00283
Cased ! 0.2084 01283 1084 00283
CaseS 02082, 01292 ‘1083. 0.0283

A
=
'-—l

P
[ o~
CJ;—(A.)"" i;;[x‘ s

0

%

{b) Imaginary part of eigenvalue /m(A)

Fig. 4 Variation of first natural frequency of the system (¢, is chdnged)

Un k= Onv& 0.0, O'chCZ

Copyright (C) 2003 NuriMedia Co., Ltd.
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shown. From Table 3, there is good agreecment
between the results of Case 4 and Case 3. The
result of Case 5, which is reduced order, also
simulated well with accuracy. Those results are in
good agreement with the result of Monte-Carlo
method, which shows variation of eigenvalue in
good calculation accuracy by the first perturba-
tion order.

3.3 Analysis of random response

The mean square of the response is obtained
against the earthquake excitation to the pipe sys-
tem. The seismic acceleration g{¢) by earthquake
can be modeled as stationary narrow band ran-
dom process and stationary wide band random
process. Then, those autocorrelation [g(#, %)
and PSD{power spectrum density) function @y
{w) are given readily. In the case of damping
coefficient of support is indeterministic, (g
Ja=oava=a./¢, onvk =0k =00) are
considered. Stationary narrow band random pro-
cess can be expressed as (r={f—4 1)

R'(tl. !2) =5 CXP(BZ') COS((D:Z'),
258ak+ 4 o) (26)
(dh+ B+ ) — 4wt/

where 8 is coefficient of dominant frequency. w,
is a dominant frequency. Stationary wide band
random process can be expressed as

mt(w) =

Relt, ) =2Psin{war) /1, (r=|—¢t |},

. 2Pr \’l w |<Cl)n) (27\
Oelw)y={Pr (wl=wn !
0 (o>

And meen square of both process is introduced
as to become same value as S=2Pw, Then the

root mean square value v x3 of response at nodal
pint 3 against stationary narrow band random
process is shown in Fig. 5. Monte Carlo
simulation (1000 iteration) is also shown together,
which is regarded as exact solution. Hierarchy
method of Case 2 is the result, which is calculated
to the perturbation 2nd order. Thus, this i3 closer
to the exact solution and efficient analyzing
method compared with the result of Case 3~ Case
5, which are calculated to the perturbation first
order. The results of Case 3~Case S are almost

27

Monte Carlo Method

Cared ~ §

Raot Mean Square Velae Va3 ¥man)
N

Pn562% x 107 m?/sec?)
win =800.0(rad/sec)

33 5.1 3.2 5.3
Cooficiras of Varmisen ¢./2

Fig. 5 Mean square of response (narrow band)

&

Sm.0(m?/sect)
B =02
wym23.23(rad/sec)

Mantc Carlo Method

g

Rool Mean Squase Vakee \/l_;‘(m)

>

Cascl ~ 3

5 5.1 0.2 7.3
Coeilicient of Varwation #, /&

Fig. 6 Mean square of response {wide band)

same. This is cstimated that dominant frequency
w¢ of excitation is close to the first natural fre-
quency of the system. Thus, accurate result is
obtained in spite of neglecting higher modes.

The root mean square value ‘/? of response at
nodal point 3 against stationary wide band ran-
dom process is shown in Fig. 6. Also, Hierarchy
method of Case 2 is close to the exact solution.
The results of Case 3-Case5 are almost same.
This is estimated that frequency range of exci-
tation include all of the natural frequency of the
system. Nevertheless, the modal damping ratio of
higher modes are bigger than the modal damping
ratio of lower modes. Thus, there is no effect of
higher modes excitation in the response.

PSD @.(w; of response against stationary
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3 uxaot
]
i
j 2x0.08} — Casc ~ 3
:5 Sw9.0{m?/sac!)
'* =01
g Jl w=23.23(rad /vec)
0 %5 100

frequency w({rad/vec)
Fig. 7 PSD function of narrow band

f;,: 800

13

i

j 4ok Cased ~ 3

a

Z Pw=3.625x10~3(m?/sec®)

! iy =500.0{rad /sec)

" 0 ] 0
frequency wirad/sec)

Fig. 8 PSD function of wide band

narrow band random process and stationary wide
band random process are shown in Fig. 7 and
Fig. 8, respectively. There is a high value around
the first natural frequency because the modal
damping ratio of higher modes are bigger than the
modal damping ratio of lower modes.

To show the effectivencss of the proposed
method, the calculation time is compared. When
analyzing the correlation function of response, the
calculation time is compared. Case 3 is regarded
as a normal of calculation time. Case 4 takes same
time with the Case 3. Case 5 takes about 0.15
times of Case 3. This comes from the effect of
reduced order of degrees of freedom.

4. Conclusion

In this paper, a method to obtain the sensitivity
of eigenvalues and the random responses of the

structure with uncertain parameters using & pro-
babilistic method is proposed. According to the
proposed method, the reduced order perturbed
equation for the overall system is obtained with-
out analysis of the original overall structures even
though the overall structure is large system. As a
numerical example, a simple structure system is
considered, which has a uncertain parameter.
Then the variations of the eigenvalue and the
random responses are calculated. The accurate
results arc obtained comparing with the other
general method in spite of reducing the DOF. As
a result, the proposed method is proved to be an
useful technique to analyze the sensitivity of
eigenvalues and random response against random
excitation in terms of the accuracy and the calcu-
lation time.
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